In this article, a new technique of alpha-power transformation is used to propose a new class of lifetime distributions. Four special models of the new family are presented. Some mathematical properties of the proposed model including estimation of the unknown parameters using the method of maximum likelihood are discussed. For the illustrative purposes of the new proposal, a three-parameter special model of this class, namely, new alpha-power transformed Weibull distribution is considered in detail. The proposed distribution offers greater distributional flexibility and is able to model data with increasing, decreasing, and constant or more importantly with bathtub-shaped failure rates. Type-1 and Type-II censoring estimation are discussed. A simulation study based on complete sample of the new model is also carried out. Finally, the usefulness and efficiency of the new proposal is illustrated by analyzing two real data sets.
Introduction
In the practice of distribution theory, the development of new statistical models is a prominent research topic. The literature is filled with such distributions that are very worthwhile in predicting and modeling real world phenomena. A number of classical distributions have been used comprehensively over the past decades for modeling data in several applied areas including bio-medical analysis, reliability engineering, economics, forecasting, astronomy, demography and insurance. After the massive work by Pearson [23] for proposing new statistical distributions using the system of differential equation method, numerous general procedures have been suggested for introducing new family of distributions. Another prominent method generated on differential equation was introduced by Burr [4] which can take on an extensive variety of shapes of the continuous statistical distributions. Since 1980, methodologies of proposing new distributions moved to the introduction of additional parameters to an existing class of distributions to increase the level of flexibility. For instance, Mudholkar and Srivastava [19] and Marshall and Olkin [18] proposed new method of adding parameters to existing distributions. Some of the well-known family of distributions are beta-generated by Eugene et al. [10] , Weibull-G studied by Bourguignon et al. [3] , Garhy-G of Elgarhy et al. [9] , Kwmaraswamy (Kw-G) introduced by Cordeiro and de Castero [5] , Type II half logistic-G of Hassan et al. [14] , exponentiated extended-G proposed by Elgarhy et al. [8] , the Kumaraswamy Weibull by Hassan and Elgarhy [13] , exponentiated Weibull by Hassan and Elgarhy [12] , Odd Frechet-G by Haq and Elgarhy [11] , and Muth-G by Almarashi and Elgarhy [2] . For a brief review, one may refer to Kotz and Vicari [15] which reviewed the primary development of statistical distributions. Recently, Mahdavi and Kundu [17] introduced a new method for generating lifetime distributions named as alpha-power transformation (APT) method, defined by the cumulative distribution function (cdf) is given below Using (1.1), Dey et al. [7] introduced the alpha-power transformed Weibull (APTW) distribution which has the cdf given as follows Several lifetime models such as Weibull, alpha-power transformed exponential (APTE), and alpha-power transformed Rayleigh (APTR) distributions can be obtained as special models of the APTW distribution.
In the present article, we use a new scheme to add an additional parameter to introduce a new class of distributions. The new proposal may be named as new alpha-power transformation (NAPT) method. The cdf of the proposed family is defined by the following expression
. From the expression in (1.2), it is well clear that if α = 1, thenG (x; Θ) is a weighted version of F (x; ξ), where the weight is w (x) = α F(x;ξ) α . So, the expression in (1.2) can be written as
Weighted distributions play an essential role in the practice of statistical distribution theory, for detail see Patil and Ord [21] and Patil and Rao [22] . The probability density function (pdf) corresponding to (1.2) is given by
The corresponding survival function (sf), hazard rate function (hrf), reversed hazard rate function (rhrf), and cumulative hazard rate function (chrf) are provided in (1.4)-(1.7), respectively.
Henceforth, a random variable X with pdf given by (1.3) will be denoted by X ∼ NAPT (x; Θ). Furthermore, the key motivations for using the NAPT family in practice are as:
1. A very simple and efficient method of inducting an additional parameter to generalize the existing distributions. 2. To improve the characteristics and flexibility of the existing distributions. 3. To introduce the extended version of the baseline distribution having closed form of cdf, sf as well as hrf. 4. To extend the existing distributions by introducing only one parameter, rather than adding two or more parameters. 5. To define special models capable of modeling with monotonic and non-monotonic hazard functions. 6. To provide better fits than other modified models having same or higher number of parameters.
We are motivated to study a special model of this class named as new alpha-power transformed Weibull (NAPTW) distribution. The suggested model offers greater distributional flexibility and is able to model lifetime with monotonically increasing, decreasing and constant or more importantly with bathtub-shaped failure rates. The rest of the article is structured as follows. In Section 2, we provide a mixture representation and importance of the new proposal. Section 3, provides the limiting behavior of the new family. Basic mathematical properties including quantile function, ordinary and incomplete moments, moment generating function and probability weighted moments are derived in Section 4. Section 5 considers four special models of the proposed family and discusses its special cases. Section 6 considers the maximum likelihood estimation and simulation. Censoring estimation is discussed in Section 7. Two real data sets are analyzed in Section 8. Finally, Section 9 concludes the article.
Useful expansions and importance of NAPT family
This section presents the importance and mixture representation for the pdf and cdf of the proposed family. Using the series representation in the form
so, the pdf in (1.3) can be written as Furthermore, another form of the pdf in (2.1), which provides the following infinite combination
where, a = i + 1, and b = i + 2. We can also write (2.2) as
3)
, are the exponentiated generated (Exp-G) densities with power parameters a and b, respectively. From the density derived in (2.3), it is well clear that the proposed family can be expressed as an infinite combinations of exponentiated family of distributions. Henceforth, the NAPT family of distributions can also be used in modeling data, where data modeling using compound (mixture) distributions are required. The cdf of the NAPT family can be written as
Let u is an integer, then the expression for
where,
, and
. The density function in (2.2) and the other function derived in (2.4) can be used quite effectively to derive numerous mathematical properties of the NAPT family. For instance, we can obtain closed form solution for the ordinary and probability weighted moments of any special case of the NAPT family.
Limiting behavior of the NAPT family
In this section, we study the behavior of the cdf, pdf, sf, hrf, and rhrf of the NAPT family of distributions as x → −∞ and x → ∞. Proposition 3.1. The limiting behavior of (1.2), (1.3), (1.4), (1.5), and (1.6) as x → −∞ are given by
Proposition 3.2. The limiting behavior of (1.2), (1.3), (1.4), (1.5), and (1.6) as x → ∞ are given by
Basic mathematical properties
This section considers some key mathematical properties of the proposed family.
Ordinary moments
Speaking broadly, we always need to keep in mind the importance of moments in any statistical analysis particularly in applied fields. For example, through moments the important characteristics such as tendency, dispersion, skewness, and kurtosis of a distribution can be studied. LetX ∼ NAPT (x; Θ), then the r th ordinary moment of X is derived as follows
Quantile function
The quantile function of NAPT random variable X is given by
Using the previous equation, we can generate random sample from NAPT family by using U as uniform random number.
Incomplete moments
The incomplete moment is one of the most usual approaches used to determine the moments of a probability distribution. These moments play an essential role in determining the Bonferroni and Lorenz curves. The r th incomplete moment of X is derived as
Furthermore, the conditional measures which play an important role in predictions can be derived as
The probability weighted moments
The probability weighted moments (pwms) is another approach that is used to obtain the moments of statistical distributions whose inverse form cannot be expressed explicitly. For a random variable X with pdf given by (2.4), the pwms represented by τ r,u is derived as
Inserting (2.4) in the previous equation, the pwms of NAPT family is as follows
Moment generating function
The moment generating function (mgf) is another most prominent approach to study the behavior of probability distributions. A general expression for the NAPT random variable X is obtained as
Residual and mean residual life
The residual life and reversed residual life associated with a lifetime random variable are of interest in numerous areas of applied sciences such as survival analysis, biometry, actuarial studies and risk management. The residual lifetime of X denoted by R (t) is derived as
Additionally, the reverse residual life of X denoted byR (t) can be derived as
Rényi and q-entropy
Entropy is a statistical tool that is used to measure the variation or uncertainty of a random variable. Let X follow NAPT family with density function given in (1.3), then the Rényi entropy of X is derived as
where
Using the generalized binomial series in the following form
Using (4.2) in (4.1), we have
The expression in (4.3) can be used to derive the Rényi entropy for any special model of the NAPT family. Furthermore, the q-entropy, say H q (f) is defined by
where I(q) = R [g(x; Θ)] q dx, q > 0 and q = 1. From (4.3) one can easily obtain
Order statistics
Let X 1:k , X 2:k , . . . , X k:k be the order statistics of a random sample X 1 , X 2 , . . . , X k observed from NAPT family with G (x; Θ) and g (x; Θ) , then the density function of X r:k is given by
where, B (., .)denotes the beta function. The pdf of the r th order statistic of NAPT family is derived by using (2.4) in (4.4), and replacing u with k + v − 1, we have
. Furthermore, n th ordinary moment of the r th order statistics for NAPT family is derived as
using (4.5) in (4.6), we get
Special models
Most of the extended forms of the statistical distributions are proposed for one of the following reasons: a generalization of an appropriate model that has formerly been used effectively, a model whose analytical fit is better to data, and to improve the characteristics of the existing model. Here, we provide some special distributions of the proposed family that can have at least one of these reasons.
A new alpha power transformed Frechet distribution
The cdf of the Frechet random variable is given by F (x; ξ) = e −(γ/x) θ , x > 0, where ξ = (γ, θ)
T . The
The cdf and pdf of the new alpha power transformed Frechet (NAPTFr) distribution are given by
respectively. The plots for the pdf and hrf of the NAPTFr are sketched in Figure 1 . 
The corresponding density function is
The visual representations of the pdf and hrf of the NAPTPa distribution are sketched in Figure 2 . 
The pdf NAPTL distribution is expressed by
Visual representations of the pdf and hrf of NAPTL distribution are presented in Figure 3 . 
A new power transformed Weibull distribution
The cdf and pdf of the Weibull distributed random variable are given as F(x; ζ) = 1 − e −γx θ , x, θ, γ > 0, and f(x; ζ) = γθx θ−1 e −γx θ , respectively, where ξ = (θ, γ). Then, cdf of the NAPTW model is given by
The pdf, sf, hrf, rhrf, and chrf of NAPTW distribution are given in (5.1)-(5.5), respectively. 
Maximum likelihood estimation and simulation
In this section, we provide maximum likelihood estimation of parameters and simulation of NAPT family.
Maximum likelihood estimation
This section concerns with the maximum likelihood estimation of parameters of the NAPT family based on complete set of samples. Let X 1 , X 2 , . . . , X k be a random sample from NAPT family with parameters vector Θ. The log-likelihood function of this sample is
Obtaining the partial derivatives of (6.1), may get
Setting (6.2) and (6.3) equal to zero and solving these equations simultaneously yield the maximum likelihood estimate (mle)Θ = α,ξ of Θ = (α, ξ) T .
Simulation study
In this section, we provide simulation study to evaluate the performance of the maximum likelihood estimates (mle's) of the NAPT family. The algorithm used in this credit is as follow:
1. a random sample X 1 , X 2 , . . . , X k of sizes n = (50, 100, 150, 200) are generated from the NAPT family; 2. select initial value for parameters; 3. for each sample sizes the estimates are obtained; 4. for each sample, steps (i)-(iii) are executed 1000 times, and mle's of the parameters, their biases and mean square errors are recorded.
The simulation results based on complete sample are provided in Table 1 . From the Table 1 , it can easily be detected that 1. as the sample size increases, bias tend to decreases, which shows the accuracy of the maximum likelihood estimates; 2. also, as the sample size increases, MSE tend to decreases. That shows the consistency of these estimators.
The results obtained in Table 1 , are graphically supported by Figures 6-9. 
Estimation under censoring samples
In reliability or lifetime testing experiments, the mostly data are censored due to various reasons such as time limitation, cost or other resources. There are two common censoring schemes known as Type-I and Type-II censoring schemes. Here we discuss estimation based on these two censoring schemes. In Type-I censoring, we have a fixed time say X but the number of items fail during the experiment is random. Whereas, in Type-II censoring scheme, the experiment is continued (i.e., time varies) until the specified number of failures occur.
Type-I censoring estimation
Suppose that X 1 , X 2 , . . . , X r be a type-I censoring sample of size r obtained from lifetime testing experiment on k items whose lifetime following the density given in (1.3) . The likelihood function of Type-I censoring sampling is given
the log-likelihood function (LL) corresponding to (7.1) is given by
Obtaining the partial derivatives of (7.2), we get
By equating (7.3) and (7.4) to zero and solving simultaneously we have the mle'sΘ = α,ξ of Θ = (α, ξ)
T based on Type-I censored sample. Simulation results based on Type-I censoring samples for the NAPTW distribution are provided in Table 2 . Table 2 , it is quite clear that as k increases then Bais and MSE of the estimator's decrease.
Type-II censoring estimation
Consider X 1 , X 2 , . . . , X r be a type-II censoring sample of size r observed from lifetime testing experiment on k items whose lifetime have the density expressed in (1.3) . The likelihood function of type-II censoring sampling is
The LL estimates of the mle'sΘ = α,ξ of Θ = (α, ξ) T based on Type-II censored sample can be obtained by solving the following non-linear equations:
,
Simulation results based on Type-II censoring samples for the NAPTW distribution are provided in Table  3 . From Table 3 , it is quite clear that as k increases then Bais and MSE of the estimator's decrease.
Applications
In this section, we provide a comparison study of the proposed model and other existing distributions. We analyze fracture toughness data from the two different materials: the first material are Alumina (Al2O3) taken from the website: http://www.ceramics.nist.gov/srd/summary/ftmain.htm. This data set can also be found in Nadarajah and Kotz [20] . While, the second data set taken from Saboor and Pogány [24] . We fit a special model (called NAPTW distribution) of the proposed family in comparison with five other well-known competing distributions. The cumulative functions of the competing models are:
1. exponentiated Weibull (Ex-W) distribution introduced by Mudholkar and Srivastava [19] G (x) = 1 − e −γx θ α , x, α, θ, γ > 0; 2. modified Weibull (MW) distribution of Lai et al. [16] G (x) = 1 − e −γx θ e αx , x, α, θ, γ > 0;
3. Kumaraswamy Weibull (Ku-W) distribution by Cordeiro et al. [6] G
4. alpha power transformed Weibull (APTW) distribution of Dey et al. [7] G (x) = α
flexible Weibull extended (FWE) distribution proposed by Ahmad and Hussain [1]
The analytical measure such as Kolmogorov-Smirnov (KS) test statistic, Cramer-von-Misses (CM) test statistic, Anderson-Darling (AD) test statistic, Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), corrected Akaike information criterion (CAIC), and Hannan-Quinn information criterion (HQIC) are considered for deciding the goodness of fit results of the proposed model and other competing models. On considering these measures, it is showed that the newly proposed model provides greater distributional flexibility than the other well-known lifetime distributions. For the interest of the researchers, we have provided the data in Table 4 . While, summary statistics of the data are mentioned in Table 5 . Figure 10 : Box plots of the data sets provided in Table 1 . 
Concluding remarks
In this article, a general class of distributions called new alpha power transformed family has been proposed. General expressions for the mathematical properties with estimation of parameters using three methods are discussed. For practical utility, we considered a three-parameter special model named as alpha power transformed Weibull distribution to evaluate the efficiency of the proposed class. The density function of the proposed model can take various forms such as negatively-skewed, positively skewed or symmetrical depending upon its parameters. Moreover, the hazard rate function of the suggested model can have monotonically increasing, decreasing, constant or bath-tub shaped hazard rates. For the illustrative purposes two examples are discussed and it is proved that the proposed method consistently provide better fit in modeling data than other distributions.
We hope that the new class and its special models will attract wider applications in numerous applied areas such as engineering, hydrology, survival, and lifetime data, economics, medical, among others.
